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The focus of this study is the analysis of the onset of a shear band in saturated soils under biaxial stress conditions taking into account
bifurcation in both pore pressure and soil skeleton. By considering the saturated soil as a two-phase medium, the inhomogeneous displacement
and pore pressure ﬁelds are assumed to be nonlinear and satisfy the continuity conditions of displacements, displacement gradients and excess
pore pressure on the boundaries of the band. It is shown that bifurcation may take place in loose, contractive soils in the form of two-phase
diffuse mode or localized mode of soil skeleton deformation. For low permeability saturated soils, the onset of a shear band occurs at peak
friction, with the shear band parallel to Coulomb's failure plane. Numerical examples using a simple stress–strain model are given to demonstrate
the occurrence of the onset of a shear band and its inclination, as a function of the void ratio and the initial consolidation pressure.
& 2013 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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The bifurcation and unstable behavior of soils have been
extensively investigated both analytically and experimentally.
It has been shown that soil specimens uniformly stressed may
undergo non-uniform strains such as surface buckling, volume
instability, or shear banding at certain critical states of stress or
strain (Vardoulakis et al., 1978; Finno and Viggiani, 1997;
Desrues, 2004; Desrues and Viggiani, 2004; Desrues and
Georgopoulos, 2006; Kodaka et al., 2007; Nicot and Darve,
2011). Conventional shear band analysis, such as the Thomas–
Hill–Mandel shear-band model, describes shear banding as an3 The Japanese Geotechnical Society. Production and hosting by
10.1016/j.sandf.2013.06.005
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der responsibility of The Japanese Geotechnical Society.equilibrium bifurcation from a homogeneous deformation.
This approach consists of ﬁnding perturbation solutions (i.e.,
difference between the heterogeneous and homogeneous ﬁelds
of incremental displacement) that satisfy the constitutive law
and that are compatible with boundary conditions (Rice, 1976;
Vardoulakis, 1981; Bigoni and Hueckel, 1990; Petryk and
Thermann, 1996, 2002). Systematic discussions about different
approaches to study strain localization within the general
framework of material stability analysis and nonlinear solid
mechanics can be found in the treatises of Nguyen (2000) and
Bigoni (2012).
The onset of shear banding in a homogeneous, dry soil
subjected to a homogeneous load history can be predicted
solely on the basis of the constitutive equations of the solid.
The emergence of a shear band has been analyzed using
various elasto-plasticity models (e.g., Rudnicki and Rice,
1975; Rice, 1976; Yatomi et al., 1989; Lizuka et al., 1992;
Vardoulakis and Sulem, 1995; Imposimato and Nova, 1998;
Oka et al., 2002; Hashiguchi and Tsutsumi, 2003;
Khojastehpour and Hashiguchi, 2004; Kodaka et al., 2007;Elsevier B.V. All rights reserved.
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(Tejchman et al., 2007; Tejchman and Niemunis, 2006; Bauer
et al., 2004; Chambon et al., 2000), with various aspects being
taken into account such as the effect of multi-mechanisms,
non-normality, non-coaxiality, inherent anisotropy and dili-
tancy. When the thickness of localized zone is considered,
constitutive models with a certain characteristic length must be
used, such as Cosserat models (Muhlhaus and Vardoulakis,
1987; de Borst, 1991; Tejchman and Wu, 1993), gradient
hypoplastic models (Tejchman et al., 2007) or polar hypoplas-
tic models (Tejchman, 2002). Theoretical ﬁndings with regard
to shear band development under drained conditions, particu-
larly the localization condition and the orientation of shear
band, are generally consistent with experimental results
(Bardet, 1991a, 1991b; Han and Drescher, 1993; Finno
et al., 1997; Wan and Guo, 1997; Alshibli et al., 2003). It
should be mentioned that strain localization in partially
saturated sand has been reported to be different from that in
either dry or fully saturated sand (Higo et al., 2011).
On the other hand, different observations are found in the
literature regarding strain localization within saturated soils under
undrained conditions. For granular materials, Han and Vardoulakis
(1991) experimentally observed localized shear band in saturated
dense and medium dense sand at large strains (accompanied by
local volume changes in the dilatant shear band), but no localiza-
tion in undrained displacement-controlled tests on loose sand
specimens. Similarly, Desrues and Georgopoulos (2006), Khoa
et al. (2006), Darve et al. (2007), and Daouadji et al. (2010, 2011)
reported that bifurcation does not lead to any localized failure for
loose sand in undrained tests but rather that failure takes place in
diffuse deformation mode up to very large strains at which tests are
terminated. On the contrary, in a series of strain-controlled
undrained plane strain compression tests, Finno et al. (1997) and
Mooney et al. (1997) observed shear bands in saturated loose
specimens. More speciﬁcally, for very loose sand with deviator
stress decreasing after the peak on the effective stress path, the
onset of shear band closely followed the phase transformation state,
prior to the mobilization of peak friction angle. They also observed
non-persistent shear bands in the early stages of the tests. The
results of undrained plane-strain biaxial tests on Hostun RF sand
by Mokni and Desrues (1999) showed shear banding in both
contractive and dilative specimens, but for the latter the onset of
localization was delayed until cavitation took place in the pore
ﬂuid, which signaled the failure of the isochoric constraint. The
isochoric constraint imposed on deformation was too restrictive in
the case of dense dilative sand for shear banding to become the
dominant deformation mode. The same conclusion was drawn by
Roger et al. (1998). For granular soils, owing to the high hydraulic
conductivity, it is generally believed that the pore pressure is
continuous across the shear band boundaries (Vardoulakis, 1996).
Localized failure has also been observed in clays under
undrained conditions (e.g., Finno and Rhee, 1993; Finno et al.,
1994; Viggiani et al., 1994; Lenoir et al., 2004; Saada et al.,
1994; Lizcano et al., 1997; Kodaka et al., 2007; Thakur, 2007;
Alshibli and Akbas, 2007). With regard to the inclination
angle of the shear band the observations in these studies are
consistent: the orientation of shear bands in clay matchedCoulomb's angle θC ¼ 451 þ φ=2 well, but both Roscoe's angle
θR ¼ 451 þ ψ=2 and Arthur's angle θA ¼ 451 þ ðφþ ψÞ=4
underestimate the inclination angle of the shear band for the
various undrained tests (plane strain compression, triaxial
compression, and hollow cylinder shearing). Through careful
local measurements of pore pressure in tests on clay specimens,
Viggiani et al. (1993, 1994) and Thakur (2007) observed that
the onset of shear band took place when the pore pressure in the
area of potential shear band started to increase and the pore
pressure difference within and outside of the band reached its
maximum. These experimental observations clearly show that
the effective stress and pore pressure response must be coupled
in any model to understand strain localization phenomenon in
saturated clays.
Nevertheless, observations regarding the onset of shear band
vary in the literature. In a series of biaxial tests on normally,
anisotropically consolidated clay, Lizcano et al. (1997)
observed that shear banding occurs before the peak friction
angle and the maximum deviator stress are reached (but very
close to the maximum deviatoric stress), which is similar to
that reported for plane strain tests on stiff Vallericca clay by
Viggiani et al. (1994) and hollow cylinder torsional shear tests
reported by Saada et al. (1994). Kodaka et al. (2007) observed
that the localization corresponds to strain softening, which
implies that the onset of shear band occurs at the maximum
deviatoric stress. On the other hand, Finno and Rhee (1993)
found that the complete development of shear bands occurs
only after the maximum deviator stress is reached in undrained
biaxial tests on anisotropically, normally consolidated soft
Chicago clay.
Numerical modeling of saturated soils for the predication of
localization, taking into account the inﬂuence hydro-
mechanical coupling has been carried out by many researchers
(Zhang and Schreﬂer, 2001; Desrues and Collin, 2004;
Andrade and Borja, 2007; Oka et al., 2002; Kodaka et al.,
2007; Collin et al., 2010), with different conclusions being
obtained. For example, Zhang and Schreﬂer (2001) showed
that, for undrained plane strain problems, shear band occurred
with inclination angle of 7451 regardless of the constitutive
model (associative or non-associative) used in the analyses.
Using a hypoplastic model, Desrues and Collin (2004) found
neither bifurcation nor localization under global undrained
conditions. Using an elasto-plastic strain-softening model with
a Drucker–Prager type yield criterion, Collin et al. (2010)
identiﬁed that the Rice criterion for the onset of shear band is
never met under undrained conditions for saturated, highly
dilatant materials. When the angle of dilation is lowered to 01,
the Rice criterion is met and localization is possible. Andrade
and Borja (2007) demonstrated that a shear band can be
generated under global undrained conditions by introducing
inherent inhomogeneities in the porosity ﬁeld in the ﬁnite
element modeling. It should be mentioned that they deﬁne
localization as the ﬁrst time that either the drained or undrained
acoustic tensor loses positive deﬁniteness at any point in the
sample. Care must be taken when interpreting the ﬁndings
from numerical simulations as the results are sensitive to
boundary conditions. In other words, bifurcation can be
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mations are introduced.
By taking into account the continuity of stresses and pore
pressure across the boundaries of the shear band, Guo (2013)
theoretically proved that the onset of strain localization may
take place in loose, contractive sand in the deviator stress
softening regime. The undrained shear band orientation
primarily depended on the Poisson's ratio and the dilatancy
characteristics of the material. It is interesting that, using an
elasto-viscoplastic constitutive model for clay considering
structural changes, Oka et al. (2002) and Kodaka et al.
(2007) captured strain localization of saturated clays under
undrained plane strain conditions, without introducing any
imperfection in the soil specimens.
The objective of this paper is to analyze the onset of shear
band development in saturated soils under biaxial stress
conditions taking into account bifurcation in both pore
pressure and soil skeleton deformation. Following a review
of classical shear band analysis using the Thomas–Hill–
Mandel theory, a hydro-mechanical coupled bifurcation and
shear band analysis in saturated soils is presented. The
inhomogeneous displacement ﬁeld in the shear band is
assumed to be nonlinear and satisﬁes the continuity conditions
of displacements, displacement gradients and excess pore
pressure on the boundaries of the band. The continuity of
displacement gradient across the shear band boundaries is
postulated. Furthermore, the difference in strain increment
between inside and outside the band is not uniform through the
thickness of the band. With regard to saturated soils, it is
theoretically shown that the onset of strain localization can
only take place in loose, contractive soils, initiated either by
bifurcation of pore pressure or soil skeleton deformation. For
low permeability saturated soils, the onset of shear band occurs
when the peak friction is mobilized, with the shear band
parallel to Coulomb's failure plane.2. The Thomas–Hill–Mandel shear band model: a brief
review
2.1. Preliminary
This section presents the notation and the fundamental
formulations for strain localization analysis. Additional details
are given by Vardoulakis and Sulem (1995) and Vardoulakis
(1996). To simplify the presentation, we restrict ourselves to
the biaxial testing conﬁguration, since most experimental strain
localization data for undrained tests are available under such
conditions in the literature.
The effective stress state r for a biaxial stress condition is
typically given in terms of principal stresses by
r¼
s11 0
0 s22
" #
;s22os11o0 ð1Þ
in which negative stresses refer to compression. The following
deﬁnitions are recalled for biaxial stress conditions for later use
in the shear band analysis. p¼ −s¼ −skk=2,sij ¼ sij−sδij,τ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sijsij=2
p
¼ ðs11−s22Þ=2, dεv ¼ dεkk, dγp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðdepijÞðdepijÞ
q
¼
dεp11−dε
p
22 and μ¼ sinφm ¼ τ=p, the dilitancy factor βD ¼
sinψm ¼ dεpv=dγp. Here ði; jÞ∈½1; 2, sij and depij represent
deviator stress and the deviator plastic strain rate tensors,
respectively. Repeated indices refer to summation. The linear
Mohr–Coulomb model is selected as the constitutive model,
for which the yield function F and plastic potential Q are
expressed as
F ¼ τ þ sμ e; γpð Þ; Q¼ τ þ sβD e; γpð Þ ð2Þ
The mobilized friction angle φm and the angle of dilatancy ψm
(and hence μ and the dilitancy factor βD) are both assumed to
be functions of appropriate hardening variables.
The incremental stress–strain equation is expressed as
Δsij ¼Dijkl Δεkl with Dijkl ¼Deijkl þ Dpijkl being the fourth order
constitutive tensor. For the linear elastic components of
materials, the constitutive tensor is given as
Deijkl ¼G δikδjl þ δilδjk þ ðα−1Þδijδkl
  ð3Þ
where G is the shear modulus, α¼ 1=ð1−2νÞ with ν being the
Poisson's ratio. Following the standard exercise in the theory
of elasto-plasticity (Vardoulakis and Sulem, 1995; Chen and
Han, 1988), the plastic constitutive tensor is given by
Dpijkl ¼ −
o14
H
De :
∂Q
∂r
 
⊗ De :
∂F
∂r
 
in which H is the plastic modulus:
H ¼ Ht þ
∂F
∂r
: De :
∂Q
∂r
ð4Þ
The switch function o14=1 if F=0, implying the plastic
yielding is taking place, and o14=0 otherwise. The plastic
hardening modulus Ht is deﬁned as Ht ¼ −∂F=∂ζ with ζ being
appropriate hardening parameter(s). For the yield and plastic
potential functions given in Eq.(2), one has
Dpijkl ¼ −
o14
hn
sij
τ
þ αβDδij
  skl
τ
þ αμδkl
 
G ð5Þ
with hn ¼H=G¼ 1þ hþ αβDμ, h¼ pht=G, ht ¼ dμ=dγp for
ζ¼ γp.
For isochoric deformation modes, the incremental stress–
strain relations based on effective stresses can be expressed
with respect to the coordinates corresponding to the principal
axes of initial stresses as
Δs11 ¼D1111Δε11 þ D1122Δε22
Δs22 ¼D2211Δε11 þ D2222Δε22
Δs12 ¼D1212Δε12 þ D2121Δε21 ¼ 2GΔε12 ð6Þ
When the isochoric constraint Δε11 þ Δε22 ¼ 0 is taken into
account, the incremental total stresses Δstij according to Eq. (6)
are
Δst11 ¼ Δst þ 2Gn Δε11
Δst22 ¼ Δst þ 2Gn Δε22
Δst12 ¼ 2G Δε12 ð7Þ
where the superscript “t” implies total stresses, Δst is the
incremental mean total stress, G and Gn are the out-of-axes and
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ðD1111 þ D2222−D1122−D2211Þ=4. For the Mohr–Coulomb
model, Gn is expressed as
Gn ¼ hþ αβDμ
1þ hþ αβDμ
G ð8Þ
It should be noted Δst12 ¼ 0 for a homogeneous deformation
mode described using principal stresses.
2.2. The notion of bifurcation
In geomechanics, bifurcation is often related to other notions,
such as the loss of uniqueness (Chambon et al., 2004; Nicot and
Darve, 2011), the loss of sustainability (Darve et al., 2007;
Nicot et al., 2007), and the loss of controllability (Nova, 1994).
Another deﬁnition for bifurcation is the sudden change in the
state of the system under continuous variations of state
variables (or loading parameters) deﬁning the system (Nicot
and Darve, 2011). The classical bifurcation analysis consists of
ﬁnding perturbation solutions (i.e. difference between the
inhomogeneous and homogeneous ﬁelds of incremental dis-
placement and pore pressure) that satisfy the constitutive law
and compatible with boundary conditions (Rice, 1976;
Vardoulakis and Sulem, 1995; Iai and Bardet, 2001). In other
words, bifurcation takes place at some loading stage when a
heterogeneous incremental stress and strain ﬁeld may emerge in
either diffuse or localized modes, satisfying the same stress
equilibrium and boundary conditions as that of the homoge-
neous stress and strain ﬁelds. On the other hand, it has also
been proven that the second-order work d2W as introduced by
Hill (1958) in his pioneering paper plays a fundamental role in
detecting bifurcation (equivalently loss of uniqueness or loss of
sustainability) (Chambon et al., 2004; Nicot et al., 2007; Nicot
and Darve, 2011). More speciﬁcally, the positiveness of the
d2W (as a sufﬁcient condition) ensures the uniqueness of the
solution and the bifurcation is detected by the vanishing of the
second-order work. It should be noted, however, the condition
d2W ¼ 0 does not specify whether the bifurcation is in
localized or diffuse mode (Nicot and Darve, 2011).
2.3. Shear band analysis
2.3.1. Kinematic constraints
In the Thomas–Hill–Mandel theory for the onset of shear
banding for plane strain, a shear band is deﬁned as a thin in-
extensible material layer across which the displacement incre-
ments are continuous while their gradient at the layer boundary
experiences a jump. Following Hill and Hutchinson (1975) and
Vardoulakis and Sulem (1995), the incremental displacement
ﬁeld inside the shear band,ΔuðiÞi , is different from that outside
the band, Δuð0Þi . The inhomogeneous displacement ﬁeld,
Δui ¼ ΔuðiÞi −Δuð0Þi , is expressed as
Δui ¼
δi for xknk4dB
1
dB
δixknk for jxknkj≤dB
−δi for xknko−dB
8><
>: ð9Þwhere ni is the unit normal to the shear band axis (as shown in
Fig. 1), 7δi are the incremental displacement at the shear
band boundaries, and dB is half of the shear band thickness.
Across the shear band boundaries the displacement gradient
jump is expressed as ½Δui;j ¼ ginj, gi ¼ δi=dB with ½Δui ¼ 0. It
should be noted that repeated indices in Eq. (9) refer to
summation. The notation ½ stands for the difference between
the value of a quantity inside and outside the shear band. For
the inhomogeneous displacement ﬁeld shown in Fig. 1, ½
represents the jump at the shear band boundaries.
2.3.2. Static equilibrium
By assuming that the initial stress sij is continuous across
the domain (i.e., ½sij ¼ 0), the equilibrium across a material
discontinuity surface (i.e., the static compatibility condition)
for any stress increments requires ½Δπijnj ¼ 0, where πij is the
ﬁrst Piola–Kirchhoff stress tensor (Rudnicki and Rice, 1975;
Vardoulakis and Sulem, 1995). The increment of the ﬁrst P–K
stress tensor can be expressed as
Δπij ¼ ðΔs^ij þ ΔΩikskj−sikΔΩkjÞ
−sikΔuj;k þ sijΔuk;k ¼ Δs^ij þ Aij ð10Þ
where Δs^ij ¼ Δsij þ sikΔΩkj−ΔΩikskj is the Jaumann stress
increment of Cauchy stress tensor, ΔΩij ¼ ðΔuj;i−Δui;jÞ=2,
and Aij ¼ sijΔuk;k−sikΔuj;k þ ΔΩikskj−sikΔΩkj. The static
compatibility condition can now be expressed as
½Δπijnj ¼ Δs^ij þ Aij
 
nj ¼ 0 ð11Þ
2.3.3. Drained shear band
For the analysis of strain localization, the stress–strain
relation should be formulated using the Jaumann stress rate
Δs^ij to account for rotation of material element during
deformation (Rudnicki and Rice, 1975; Vardoulakis and
Sulem, 1995). Using the constitutive relation, Eq. (11) becomes
ðDijkl þ BijklÞgknl
 
nj ¼ 0 ð12Þ
where Dijkl is deﬁned in Section 2.1, and Bijkl ¼ sijδkl−
ð1=2Þðsikδjl þ skjδil þ silδjk−sljδikÞ is a geometric term descri-
bing the effect of initial stresses. When the geometric term Bijkl
is neglected, i.e. the material is considered as the “upper-
bound” linear comparison solid (Vardoulakis, 1996), the
localization condition can then be expressed as
Γikgk ¼ 0 ð13Þ
with Γik ¼ ðDijkl þ BijklÞnjnl being the acoustic tensor
(Vardoulakis and Sulem, 1995). Non-trivial solutions for the
incremental displacement discontinuities gk exist only when the
acoustic tensor Γij is singular:
Γ ¼ detðΓijÞ
¼ det
D1111n21 þ D1212ð1−ξÞn22 ½D1122 þ D1212ð1þ ξÞn1n2
½D2211 þ D1212ð1−ξÞn1n2 D1212ð1þ ξÞn21 þ D2222n22
" #
¼ 0
ð14Þ
where ξ¼ ðs11−s22Þ=ð2GÞ is the normalized stress difference,
which describes the geometric effect (or the effect of initial
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equation for the shear band inclination angle deﬁned as
tanθB ¼ −n1=n2 with respect to the minor principal stress
direction:
A tan4θB þ B tan2θB þ C¼ 0 ð15Þ
where
A¼D1111D1212ð1þ ξÞ
B¼D1111D2222−D1122D2211−D1122D1212ð1−ξÞ−D2211D1212ð1þ ξÞ
C¼D2222D1212ð1−ξÞ ð16Þ
The orientation of shear band is related to the hardening
modulus via
hB ¼ −
ðcos 2θ þ μÞðcos 2θ þ βDÞ
2ð1−νÞ ð17Þ
cos 2θB ¼
−ðμþ βDÞ7
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðμ−βDÞ2−8hBð1−vÞ
q
2
ð18Þ
Herein the subscript “B” refers to quantities at the onset of
shear banding. The characteristic equation (15) has a real
solution the ﬁrst time when B=Ao0 and B2−4AC¼ 0 at
hB ¼ hBmax ¼
ðμB−βDBÞ2
8ð1−νÞ ð19Þ
in which μB ¼ sin φB, βDB ¼ sin ψB with φB and ψB the
mobilized friction angle and dilitancy angle at the onset of
shear banding. The shear band inclination angle satisﬁes
cos 2θB ¼ −ðμB þ βDBÞ=2, or
tan2θB ¼−
B
2A
¼
ﬃﬃﬃﬃ
C
A
r
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D2222ð1−ξÞ
D1111ð1þ ξÞ
s
¼ 2þ μB þ βDB
2−μB−βDB
ð20Þ
which is the same as that proposed by Vardoulakis (1996).
The localization condition is also satisﬁed when hohBmax,
with the shear band inclination angle in Eq. (18) now being
expressed as
tan2θB ¼
1−μBβDB−2hB 1−νð Þ72
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 1−νð Þ hBmax−hBð Þ
p
2hB 1−νð Þ þ 1−βDBÞð1−μB
	 
 ð21Þx1
x2
θ
δ i
n
θ
n 2dB
x
-L1 +L1
-L2
+L2
Fig. 1. Linear approximation of the inhomogeneous displacement ﬁeld induced by a
displacement ﬁeld and (b) inhomogeneous displacement gradient and pore pressurFor hB ¼ 0, Eq. (15) has two roots corresponding to the
Coulomb inclination angle θC ¼ π=4þ φ=2 and the Roscoe
inclination angle θR ¼ π=4þ ψ=2; respectively.
2.3.4. Undrained shear band
The isochoric constraint Δεv ¼ 0 results in the restriction
g1n1 þ g2n2 ¼ 0. Using the stress–strain relation in Eq. (7), the
static compatibility conditions for total stresses rt are expressed as
ð½Δst þ 2Gng1n1Þn1 þ Gðg1n2 þ g2n1Þn2 þ ðs11−s22Þ½ΔΩn2 ¼ 0
Gðg1n2 þ g2n1Þn1 þ ð½Δst þ 2Gng2n2Þn2 þ ðs11−s22Þ½ΔΩn1 ¼ 0
ð22Þ
where ΔΩ¼ ð∂1Δu2−∂2Δu1Þ=2 is the incremental spin, ½ΔΩ is
the difference (herein the jump) of ΔΩ across the band boundary,
with ½∂jΔui ¼ ginj (Vardoulakis, 1981; Vardoulakis and Sulem,
1995). By eliminating ½Δst from Eq. (22) and applying the
isochoric constraint, the characteristic equation for the shear band
inclination yields
ð1þ ξÞ n
2
1
n22
þ ð1−ξÞ n
2
2
n21
¼ 2 1− 2G
n
G
 
ð23Þ
Eq. (23), which is identical to that derived by Vardoulakis (1996)
and Hill and Hutchinson (1975), has real roots only when
Gn=G≤ξ2=4 (or Gn≤0 for ξ≪1).
According to Vardoulakis (1996), when ð1−2Gn=GÞ2 ¼
1−ξ2, Eq. (23) has a real solution the ﬁrst time, which
corresponds to GnB ¼ 0, hB ¼ −αβDμ and θB ¼ 7451 when
ξ≪1. However, a non-zero pore pressure difference (herein a
jump) across the shear band boundaries is obtained as ½Δpw ¼
−
ﬃﬃﬃ
2
p
GðαβDB þ ξÞg1, which implies that shear band cannot
physically occur.
The linear approximation of the inhomogeneous displacement
ﬁeld in Eq. (9) results in jumps in the displacement gradients and
hence strains across the shear band boundaries. Jump in the excess
pore pressure in the undrained shear band analysis is also the
consequence of this assumption. However, it has been observed in
laboratory tests that the displacement ﬁeld, displacement gradient
and excess pore pressure are continuous at the shear band
boundaries (Alshibli et al., 2003; Desrues, 2004; Desrues and
Viggiani, 2004; Rechenmacher, 2006; Kodaka et al., 2007). More
speciﬁcally, using digital image correlation to determine the−δ i
knk=dB
xknk=-dB
n
θ
xknk=dB
xknk=-dB
shear band in the Thomas–Hill–Mandel shear band model. (a) Inhomogeneous
e.
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Rechenmacher (2006) identiﬁed that displacement gradients
appear to be constant along the length of a shear band (with
minor ﬂuctuations only), but evidently parabolic across the width
of the shear band. As such, it is necessary to seek non-trivial
inhomogeneous displacement and pore pressure ﬁelds that satisfy
the kinematic and static constraints by considering saturated soils
as two-phase medium.
3. Coupled bifurcation analysis for saturated soils
3.1. Kinematic constraints
The coupled bifurcation analysis for saturated soils consists
of ﬁnding a perturbation solution (i.e. difference between the
inhomogeneous and homogeneous ﬁelds of incremental dis-
placement and pore pressure) that satisﬁes the continuity of
displacement, displacement gradient and pore pressure on the
shear band boundaries. The non-trivial bifurcation modes (as
shown in Fig. 2) are sought assuming the following inhomo-
geneous displacement and pore pressure ﬁelds (Vardoulakis
and Sulem, 1995; Iai and Bardet, 2001):
Δui ¼
gif ðStÞ for xknk4dB
gi sinðxkβkÞf ðStÞ for jxknkj≤dB
−gif ðStÞ for xknko−dB
8><
>: ð24Þ
Δpw ¼
P cosðxkβkÞf ðStÞ for jxknkj≤dB
0 otherwise

ð25Þ
where gi and P are arbitrary amplitudes of Δui and Δpw, f ðStÞ is a
time-dependent function, βk ¼ nkπ=ð2dBÞ, i; k ¼ 1; 2 and
repeated indices refer to summation. The displacement gradients
of the inhomogeneous displacement ﬁeld are Δui;j ¼ giδjkβk
cosðxlβlÞ, with the incremental volumetric strain being Δεv ¼
giβi cosðxlβlÞ. The isochoric constraint is equivalent to giβi ¼ 0 or
g1n1 þ g2n2 ¼ 0.
We part here from the conventional shear band analysis as
summarized in the previous section. Owing to the continuity of
displacement and pore pressure on the boundary of a shearx1
x2
θ
δ i
n
θ
n 2dB
x
-L1 +L1
-L2
+L2
Fig. 2. Modiﬁed approximation of the inhomogeneous displacement ﬁeld induced b
displacement gradient and pore pressure.band for the bifurcation modes given in Eqs. (24) and (25), gi
and P rather than the displacement gradient jumps ½Δui;j across
the shear band boundaries are used in the equations of
incremental stress equilibrium. Following Vardoulakis and
Sulem (1995), the equations of incremental stress equilibrium
for biaxial stress conditions in terms of total stresses are
Δst11;1 þ Δst12;2 þ st1−st2
	 

ΔΩ;2 ¼ 0
Δst21;1 þ Δst22;1 þ st1−st2
	 

ΔΩ;1 ¼ 0 ð26Þ
with ΔΩ¼ ðΔu2;1−Δu1;2Þ=2. By applying the effective stress
principle, the total stress stij is related to the effective stress sij
and pore pressure pw (Schreﬂer et al., 1990)
stij ¼ sij−αwpwδij; αw ¼ 1−K=Ks ð27Þ
in which the coefﬁcient αw is a positive constant depending on
the bulk modulus K of the soil skeleton and the bulk modulus
Ks of solid grains. The instantaneous bulk modulus K should
be used in incremental formulations. In general αw ¼ 1 for
saturated soil and 0 for dry soil. It follows that the equations of
stress equilibrium in terms of effective stresses sij are
Δs11;1 þ Δs12;2 þ ðs1−s2ÞΔΩ;2 ¼ αwΔpw;1
Δs21;1 þ Δs22;2 þ ðs1−s2ÞΔΩ;1 ¼ αwΔpw;2 ð28Þ
The incremental conservation equation of water is (Schreﬂer
et al., 1990)
αwΔεαα;t þ
1
Θ
Δpw;t ¼
k
γw
Δpw;11 þ Δpw;22
	 
 ð29Þ
with
1
Θ
¼ n
Kf
þ αw−n
Ks
ð30Þ
where Θ represents the bulk modulus of two-phase materials,
Kf is the bulk modulus of the pore ﬂuid, γw is the unit weight
of water, k is the hydraulic conductivity and n the porosity of
soil. By applying the incremental stress–strain relations,
Eqs. (28) and (29) are re-written as
Γextij gj ¼ 0 ð31Þ−δi
knk=dB
xknk=-dB
n
θ
xknk=dB
xknk=-dB
y a shear band. (a) Inhomogeneous displacement ﬁeld and (b) inhomogeneous
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h i
¼
D1111β
2
1 þ D1212ð1−ξÞβ22 D1122 þ D2121ð1þ ξÞ½ β1β2 −αwβ1
D1212ð1−ξÞ þ D2211½ β1β2 D2121ð1þ ξÞβ21 þ D2222β22 −αwβ2
αwγwf
nβ1 αwγwf
nβ2 k β
2
1 þ β22
	 
þ 1
Θ
γwf
n
2
6664
3
7775 ð32Þf
n ¼
̇f ðStÞ
f ðStÞ
¼ − Pðβ
2
1 þ β22Þ
αwðβ1g1 þ β2g2Þ þ 1ΘP
k
γw
ð33Þ
The coefﬁcient f
n
is independent of time and space, and
hence the solution of Eq. (33) is
f ðStÞ ¼ f 0expðf
n
StÞ ð34Þ
in which f 0 is the initial value of a perturbation solution.
According to Iai and Bardet (2001) and Vardoulakis and
Sulem (1995), f
n
is an indicator for unstable responses. More
speciﬁcally, when f
n
40, f ðStÞ grows exponentially with time
and eventually becomes inﬁnite. It should also be noted that
Eq. (13) is recovered from Eq. (31) subject to Eq. (32) for dry
soils when both αw and P vanish.
The coupled bifurcation analysis consists of ﬁnding non-
trivial solutions for g1, g2 and P in Eq. (31). For the analysis of
the onset of shear band, the geometric effect (or the effect of
initial stresses) can be neglected, by simply neglecting the third
terms on the left-hand sides of Eqs. (26) and (28).
In the section that follows, the focus will be placed on the
onset of inhomogeneous displacement and pore pressure ﬁelds,
particularly the onset of shear band. The evolution of
inhomogeneous displacement and pore pressure ﬁelds with
time, either stable or unstable (depending on the sign of f
n
),
will not be examined. In other words, the analysis for the onset
of bifurcation is treated within the context of time-independent
problems. We will examine the following two scenarios:
strong and weak bifurcation conditions.
3.2. Strong bifurcation condition
Non-trivial solutions of g1, g2 and P are obtained when the
determinant of matrix ½Γextij  in Eq. (32) vanishes:
detðΓextij Þ ¼ 0 ð35Þ
This condition is referred to as the strong bifurcation condition.
By introducing Λ¼ β1=β2 ¼ n1=n2, detðΓextij Þ is explicitly
determined as
detðΓextij Þ
β42
¼ NðΛÞ k β21 þ β22
	 
þ 1
Θ
γwf
n
 
þ α2wγwf
n
DðΛÞ ð36Þ
with
β42NðΛÞ ¼ detðΓijÞ;
Γij ¼
D1111β
2
1 þ D1212ð1−ξÞβ22 D1122 þ D2121ð1þ ξÞ½ β1β2
D1212ð1−ξÞ þ D2211½ β1β2 D2121ð1þ ξÞβ21 þ D2222β22
" #
ð37Þor alternatively
NðΛÞ ¼ AΛ4 þ BΛ2 þ C ð38Þ
The coefﬁcients A, B and C are given in Eq. (16). The
expression for DðΛÞ is
DðΛÞ ¼ A2Λ4 þ B2Λ2 þ C2 ð39Þ
with
A2 ¼D1212ð1þ ξÞ þ A=ðαwΘÞ
B2 ¼D1111 þ D2222−D1122−D2211−2D1212 þ B=ðαwΘÞ
C2 ¼D1212ð1−ξÞ þ C=ðαwΘÞ ð40Þ
The strong bifurcation condition given in Eq. (35) can now be
expressed as
k β21 þ β22
	 
þ 1
Θ
γwf
n
 
NðΛÞ ¼−α2wγwf
n
DðΛÞ ð41Þ
If the compressibility of pore ﬂuid and soil grains are
negligible (i.e., 1=Θ¼ 0), Eq. (41) becomes
α2wγwf
n
DðΛÞ þ k β21 þ β22
	 

NðΛÞ ¼ 0 ð42Þ
or equivalently
ðβ1g1 þ β2g2ÞNðΛÞ ¼ αwPDðΛÞ ð43Þ
after applying Eq. (31) subject to Eq. (32). Eq. (43) is the
strong bifurcation condition for soils saturated by an incom-
pressible pore ﬂuid.
Under the rigorous isochoric constraint β1g1 þ β2g2 ¼ 0 (or
g1n1 þ g2n2 ¼ 0), depending on the values of NðΛÞ and DðΛÞ,
the bifurcation mode manifests itself either as two-phase
bifurcation (i.e., non-uniqueness of both pore pressure and
displacement ﬁeld with non-trivial values of P and gi) or shear
band mode that is a kinematic bifurcation of soil skeleton with
non-trivial gi and P¼0.
3.2.1. Bifurcation of saturated soil under undrained
conditions
For soils saturated by incompressible interstitial ﬂuid (i.e.,
1=Θ¼ 0 and αw ¼ 1Þ; rigorous isochoric constraints (i.e., zero
volume change at any point) require β1g1 þ β2g2 ¼ 0. Regard-
less of the value of NðΛÞ, the bifurcation criterion in Eq. (43) is
satisﬁed if
PDðΛÞ ¼ 0 ð44Þ
which leads to the following two possibilities.
Two-phase bifurcation
The two-phase bifurcation takes place when DðΛÞ ¼ 0 for
which non-trivial values of P exist. This bifurcation mode is
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exponential growth of pore pressure and displacements (Iai
and Bardet, 2001). Recalling Eq. (39), the condition for two-
phase bifurcation can be explicitly expressed as
DðΛÞ ¼ 0⇔ð1þ ξÞΛ4 þ 2 2G
n
G
−1
 
Λ2 þ 1−ξ¼ 0 ð45Þ
The onset of two-phase bifurcation is at the maximum
deviator stress point (T) on the effective stress path, as
illustrated in Fig. 3. This corresponds to the state at which
Eq. (45) has real roots the ﬁrst time at Gn ¼ 0 (when neglecting
the geometric effect); in other words, the two-phase bifurcation
is possible only for contractive soil with the dilatancy factor
βDð ¼ dεpv=dγpÞo0. When the two-phase bifurcation (P≠0)
takes place at the maximum deviator stress point, the orienta-
tion of the localized deformation zone is determined from
Eq. (45) as
Λ¼ 71; θB−T ¼ 7
π
4
in which the corresponding hardening parameter is given
by h¼ hB−T ¼−αβDμ, with NðΛÞ ¼ −4α2βDμ40,detðΓijÞ ¼
β42NðΛÞ40. Herein the subscript “B–T” stands for quantities
when bifurcation takes place at the maximum deviator
stress point (T). The amplitudes of the heterogeneous displace-
ment are determined according to the ﬁrst two relations in Eq.
(31) as
Γij
  g1
g2
( )
¼ αwP
β1
β2
( )
ð46Þ
The positive NðΛÞ and detðΓijÞ reveal the dependency of g1 and
g2 on the non-trivial value of P. However, the g1/g2 ratio is
independent of P since β1g1 þ β2g2 ¼ 0. The two-phase
bifurcation is initiated by the non-uniqueness of pore pressure,
which results in a heterogeneous displacement ﬁeld. It
eventually appears as a phenomenon with the deformation of
soil skeleton and pore ﬂuid ﬂow coupled. Moreover, referring
to Eq. (33) for soils saturated by incompressible interstitial
ﬂuid, f
n
-þ∞ immediately after DðΛÞ ¼ 0 with non-trivial
value of P. This implies an inﬁnite exponential growth of both
pore pressure and inhomogeneous displacements, indicating
that the deformation following the two-phase bifurcation is
unstable.0
50
100
150
0 100 200 300 400 500 600
p = -σ (kPa)
τ 
(k
P
a)
T
US
Fig. 3. Onset of pore pressure bifurcation on (a) the effective stressEvidence of two-phase bifurcation as deﬁned in Eq. (25) can
be found in Viggiani et al. (1994). In a plane strain compres-
sion test on stiff Vallericca clay, two miniature pore pressure
transducers were mounted on the sides of the specimen, with
Probe 1 placed at the location where the band was expected to
develop. The probes measured essentially the same positive
excess pore water pressure until non-uniform deformation was
detected; the pore pressure at the location of the band then
began to increase relative to that measured by Probe 2 that was
placed away from the band. The difference between the pore
pressures measured by Probes 1 and 2 continued to increase,
followed by a sudden decrease as the shear band was
completely formed.
The above analysis is also applicable to the perturbation
solutions for saturated soils in the form of (Iai and Bardet,
2001)
Δu1 ¼ V1 sin ðβ1x1 þ ϑ1Þ cos ðβ2x2 þ ϑ2Þf ðStÞ
Δu2 ¼ V2 cos ðβ1x1 þ ϑ1Þ sin ðβ2x2 þ ϑ2Þf ðStÞ
Δp¼ P cos ðβ1x1 þ ϑ1Þ cos ðβ2x2 þ ϑ2Þf ðStÞ ð47Þ
where Vi and P are arbitrary amplitudes, βi ¼ ðπ=2Þðmi=LiÞ for
mi ¼ 0;71;72;…, ϑi ¼ 0 when mi are even, otherwise
ϑi ¼ π=2 for i¼ 1 and 2. The solutions in Eq. (47) satisfy
the following boundary conditions for the specimen shown in
Fig. 2:
Δu2 ¼ 0; Δp;2 ¼ 0; Δs12 ¼ 0 at x2 ¼ 7L2 for −L1≤x1≤L1
Δu1 ¼ 0; Δp;1 ¼ 0; Δs12 ¼ 0 at x1 ¼ 7L1 for −L2≤x2≤L2
As shown by Iai and Bardet (2001), the solutions represent
heterogeneous ﬁelds of displacement and pore pressure
through the specimen for non-trivial solutions of Vi and P.
These correspond to a diffuse mode of bifurcation rather than a
shear band. The conclusion that the diffuse mode, two-phase
bifurcation (i.e., non-uniqueness of both pore pressure and
displacement ﬁeld) takes place at the maximum deviator stress
point (T) with Gn ¼ 0 is consistent with the occurrence of
diffuse deformation mode of saturated loose sand under
undrained conditions (Darve et al., 2007; Nicot et al., 2007;
Nicot and Darve, 2011).
It should be pointed out that the heterogeneous displacement
ﬁeld resulting from the heterogeneous pore-pressure ﬁeld does
not necessarily imply that the excess pore pressure is the
trigger factor of two-phase instability, since the condition for0
50
100
150
0 1 2 3 4 5
Axial strain (%) 
τ 
(k
P
a)
T
US
path and (b) stress–strain curve during undrained compression
P. Guo, D.F.E. Stolle / Soils and Foundations 53 (2013) 525–539 533two-phase instability (Gn ¼ 0) is actually dominated by the
soil's properties. As observed experimentally by Darve et al.
(2007) and Desrues and Georgopoulos (2006), the increase in
the pore pressure in undrained tests of saturated loose sand is
most likely the consequence of soil structure collapse rather
than a triggering factor.
Bifurcation of soil skeleton deformation
When the amplitude of pore pressure P¼ 0, the solution of
Eq. (31) subject to Eq. (32) is non-trivial only if g1 and g2 are
non-zero, which requires NðΛÞ ¼ 0 according to Eq. (46). This
is the criterion for localization of soil under drained conditions.
However, NðΛÞ ¼ 0 yields arbitrary values of g1 and g2, which
may imply volume changes in the shear band. The isochoric
constraint β1g1 þ β2g2 ¼ 0 is satisﬁed when P¼ 0 only if
DðΛÞ ¼ 0; NðΛÞ ¼ 0 ð48Þ
This bifurcation mode of soil skeleton deformation is in fact an
undrained shear band, and the requirements in Eq. (48) are the
strong criterion of localization under undrained conditions.
The hardening parameter h and the shear band inclination
can be obtained from Eqs. (38) and (39). Eliminating Λ from
these two equations yields
A−C
B−AB2
¼ CB2−B
A−C
ð49Þ
It follows that
hþ αμðαμþ βDÞ
 
hþ αβDðαβD þ μÞ
  ¼ 0 ð50Þ
This bifurcation condition is satisﬁed at Point US in Fig. 3,
with the hardening parameter hB−US and the in-axes shear
modulus GnUS at this point being
hB−US ¼ −αβDðαβD þ μÞohB−T ð51Þ
GnB−US ¼Gnmin ¼−
α2β2D
1−α2β2D
Go0 ð52Þ
where the subscript “B-US” stands for quantities when the
bifurcation takes place at Point US. The inclination angle of
the shear band is determined as
tan2θB−US ¼ −
n1
n2
 2
¼ 1−αβD
1þ αβD
ð53Þ
The mobilized friction at Point US when DðΛÞ ¼NðΛÞ ¼ 0 is
μB−US ¼ sinφUS ¼ −ð1þ 2αÞβD, which conﬁrms that the loca-
lization is possible only when the dilitancy factor βDo0.
Referring to Fig. 3, the negative value of GnB−US implies that,
under strict isochoric constraints, localization is delayed by the
coupling between the pore ﬂuid diffusion and deformation of
soil skeleton. An undrained shear band can only be observed
during deviatoric stress softening when the mobilized friction
angle is still increasing. This requirement excludes undrained
shear band in dilatant, dense sand which shows monotonic
increases of deviator stress under undrained conditions. In
addition, according to Eqs. (33) and (42), the value of f
n
is
arbitrary, which means that the deformation mode of strong
undrained shear band may be stable when f
no0.The potential heterogeneous pore pressure ﬁeld associated
with two-phase bifurcation may have some inﬂuence on the
development of shear band. For an imperfect homogeneous
soil specimen, the pore pressure gradients resulting from the
inhomogeneous pore pressure ﬁeld tend to cause water ﬂow
and hence local volume change, following the onset of two-
phase bifurcation prior to localized shear band. The rigorous
isochoric constraint is then violated and the induced inhomo-
geneous deformation may eventually evolve into a shear band,
which is different from the Point US in Fig. 3.
It should be mentioned that the above analysis is also
applicable to undrained shear band analysis when the inho-
mogeneous displacement ﬁeld is deﬁned as that in Eq. (9).
Details can be found in Guo (2013).
3.2.2. Bifurcation with local volume changes
For dense sand without deviatoric stress softening, DðΛÞ and
Gn are always positive. The strong criterion of undrained
localization is not satisﬁed with either homogeneous pore
pressure distribution (P¼ 0) or isochoric constraint
(β1g1 þ β2g2 ¼ 0Þ. Even though P¼ 0, β1g1 þ β2g2≠0 and
NðΛÞ ¼ 0 satisfy the strong bifurcation condition in Eq. (43),
P¼ 0 and β1g1 þ β2g2≠0 cannot be satisﬁed at the same time
for saturated soils in which any volume change is always
companied by water ﬂow that is associated to certain pore
pressure gradients. For this case, bifurcation is possible only if
local volume change is allowed under global isochoric con-
straint, with Eq. (43) being satisﬁed; i.e.
NðΛÞ
DðΛÞ ¼
αwP
β1g1 þ β2g2
ð54Þ
Depending on the sign of the αwP=ðβ1g1 þ β2g2Þ ratio, the
bifurcation mode is stable if αwP=ðβ1g1 þ β2g2Þ40 (or
f
no0) but unstable if αwP=ðβ1g1 þ β2g2Þo0 (or f
n
40). It
can be shown that bifurcation with local volume changes in
dense sand is usually stable since the local volume change is
always dilatant, which causes a decrease in local pore pressure
within the band (Guo, 2013).
3.3. Weak bifurcation condition: asymptotic bifurcation in
saturated, low permeability soils
We next examine a special case when the hydraulic
conductivity k of soil approaches zero. For the ultimate case
when k ¼ 0, Eq. (29) or the third equation in Eq. (31) holds
true at arbitrary pore pressures under isochoric constraint. The
inhomogeneous deformation is non-unique but not arbitrary,
with
Γij
  g1
g2
( )
−αwP
β1
β2
( )
¼ 0 ð55Þ
According to Eq. (36), the determinant of Γextij
h i
as k-0 is
detðΓextij Þ ¼ β42α2wγwf
n
DðΛÞ ð56Þ
which is not necessarily zero. This mode of bifurcation is
coined as weak bifurcation, which only occurs in impermeable
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The weak bifurcation mode is different from strong bifurca-
tion. More speciﬁcally, both P and gi (i¼1, 2) are arbitrary
when detðΓextij Þ ¼ 0 for strong bifurcation. Nevertheless, P is
arbitrary in weak bifurcation, but gi depends on P and the
solutions are non-unique as shown in Eq. (55). In addition, f
n
in Eq. (33) may be arbitrary since kP¼ β1g1 þ β2g2 ¼ 0 and
hence the weak bifurcation mode may be stable, which is the
major difference between the weak bifurcation and the two-
phase bifurcation discussed previously. It should, however, be
noted that the displacements, displacement gradients and
excess pore pressure on the boundaries of the band are
continuous, as illustrated in Fig. 2 and described by
Eqs. (24) and (25).
Under isochoric constraints, the magnitude of inhomoge-
neous pore pressure within the shear band is determined from
Eq. (55) as
P¼ 1
αw
D1111−D1122 þ 2D1212ð1þ ξÞ½ n21

þ D2211−D2222 þ 2D1212ð1−ξÞ½ n22
gg1β1
¼ 2D1212
αw
cos 2θ−αβD
H
−ξ
 
π
2dB
g1n1 ð57Þ
with D1212 ¼G. The magnitudes of the effective stress
differences, between the mid-point and outside the band
corresponding to the normal (Δsn) and the perpendicular
normal (Δst) stresses, are
Δsn ¼ D1111−ðD1122 þ 2D1212Þ½ n21− D2222−ðD2211 þ 2D1212Þ½ n22
 gg1β1
¼ −2Gg1β1
αβD−cos 2θ
H
þ ξ
 
ð58Þ
Δst ¼ D1111−ðD1122 þ 2D1212Þ½ n22− D2222−ðD2211 þ 2D1212Þ½ n21
 gg1β1
¼−2Gg1β1
αβD þ cos 2θ
H
þ ξ
 
ð59Þ
In Eqs. (57)–(59), Dijkl is determined from Dijkl ¼Deijklþ Dpijkl
subject to Eqs. (3) and (5). When the geometric effect (or the
effect of initial stresses) is negligible (i.e.,ξ≪1), the amplitude
of the differential mean effective and deviator stresses at points
within and outside the band is given by
Δs ¼ 1
2
ðΔsn þ ΔstÞ ¼ ðD1111−D2222−D1122 þ D2211Þg1β1 ¼ −
4GαβD
H
g1β1
ð60Þ
Δsn−Δst ¼ −ðD1111 þ D2222−D1122−D2211−4D1212Þg1β1 cos 2θ
¼ 4G
H
g1β1 cos 2θ ð61Þ
When the shear band inclination angle θ varies from π=4 to its
upper bound θmax ¼ θCð¼ 450 þ φ=2Þ, the values of P,
Δsn þ Δstð Þ and Δsn−Δstð Þ reach their maximums when θ ¼
θC and h=0:
Pmax ¼
π
2dB
2Gg1
αwH
αβD þ μ
	 

sin 450 þ φ
2
 
ð62ÞðΔsÞmax ¼
1
2
Δsn þ Δstð Þmax
¼ g1
αβDG
H
π
dB
sin 450 þ φ
2
 
ð63Þ
Δsn−Δstð Þmax ¼ g1
4G
H
π
2dB
sinφsin 450 þ φ
2
 
ð64Þ
One observes that, within the localized deformation zone in the
direction of the Coulomb angle θC ¼ 450 þ φ=2, the pore
pressure and the deviator stress are maximized. Recalling that
negative stresses are in compression, Δsð Þmax corresponds to a
maximum decrease in the mean effective pressure (Pmax ¼
−Δsmax) within the shear band. In other words, the mean
effective pressure p is minimized, which yields the maximum
stress ratio τ=p within the band. Consequently, the shear band
is most likely to form along the direction of θC ¼ 450 þ φ=2.
It should be noted that Eqs. (62)–(64) can be obtained from
Eqs. (57) –(61) by applying ∂P=∂θ¼ ∂ Δsð Þ=∂θ¼ ∂ Δsn−ð
ΔstÞ=∂θ¼ 0 with βk ¼ nkπ=ð2dBÞ and n1 ¼ − sin θ, n2 ¼
cos θ according to Fig. 2.
As the shear band is initiated at h¼0 when the peak friction
angle is mobilized, the value of DðΛÞ is found to be
DðΛÞ ¼ 4μðμþ αβDÞð1−μÞ2ð1þ αβDμÞ
40 ð65Þ
since μþ αβD is generally positive for low permeability soils
at this state, which in turn implies that the deviator stress is still
in the hardening regime. This conclusion is consistent with the
experimental observation reported by Viggiani et al. (1993b).
It is also interesting to note that the bifurcation is stable, since
f
n ¼−NðΛÞ
DðΛÞ
β21 þ β22
α2wβD
¼ − k
α2wγw
NðΛÞ
DðΛÞ
π
2dB
 2
¼ 0
Even though k¼ 0 is an extreme case that is rarely encountered
in engineering soils, the weak bifurcation mode is still possible for
saturated clay with very low hydraulic conductivity when the
diffusion length scale of pore pressure is small relative to the
thickness of the shear band on the time scale of interest. For
example, Viggiani et al. (1994) and Thakur (2007) observed for
tests on clay specimens that the onset of shear band took place
when the pore pressure in the area of potential shear band started to
increase and the pore pressure difference within and outside of the
band, pinw−poutw , reached its maximum with the shear band
inclination angle θ¼ 450 þ φ=2. According to Thakur (2007),
the positive value of pinw−poutw associated with the contraction of
soil in the shear band is the driving force for the softening of
saturated soft clay. Saada et al. (1994) observed that the orientation
of shear bands in clay matched Coulomb's angle θC ¼ 450 þ φ=2
extremely well in a series of tests using hollow cylinder apparatus.
While the dilation angle could be neglected, the values of shear
band inclination angles were evidently different from Arthur's
angle θA ¼ 450 þ ðφþ ψÞ=4. Lizcano et al. (1997) observed the
same phenomenon in biaxial tests on normally, anisotropically
consolidated clay.
It should be appreciated that the analysis for the onset of shear
band assumes that a uniformly deforming specimen may reach an
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non-uniform deformation to occur in the form of a planar weak
discontinuity. The analysis does not take into account any length
scale or the boundary conditions (Rudnicki and Rice, 1975; Rice,
1976; Vardoulakis, 1981; Vardoulakis and Sulem, 1995). In other
words, the predicted bifurcation represents an intrinsic character-
istic of the material under speciﬁed stress and internal states
(including density and fabric). Since the focus of this study is on
the onset of inhomogeneous deformation and pore pressure ﬁelds,
particularly the localized deformation mode, the material behavior
is considered as rate independent and the inﬂuence of water is
considered in the equation of mass conservation Eq. (29). The
characteristic length scale and the characteristic time associated
with, for example, pore pressure diffusion do not need to be
considered.
Nevertheless, the characteristic length scale, the character-
istic time and the rate of deformation are of interest for the
post-bifurcation behavior of saturated soils. These factors have
an important inﬂuence on the structural response and the
failure of a deforming specimen. A brief discussion can be
found in Garagash (2005) regarding the inﬂuence of the shear
strain rate, the characteristic length scale and specimen size on
the mode of bifurcation.
4. Numerical examples and experimental observations
This section discusses the coupled bifurcation analysis for
saturated sand under undrained conditions, using a simple stress–
strain model proposed by Wan and Guo (1997, 1998). The model
is slightly different from the one used for the theoretical analysis
in the previous section, in that both barotropy (stress level
dependency) and pyknotropy (void ratio dependency) are taken
into account. However, the conclusions based on these two
models are expected to be generally consistent since the bifurca-
tion conditions only depend on the instantaneous friction angle
and dilatancy angle. It should also be emphasized that no effort is
made to reproduce any experimental results quantitatively and no
information about the shear band thickness is obtained from the
analyses since the model does not contain an internal length scale
or higher order strain gradients.
4.1. Outline of the stress–strain model
Mathematical developments and calibration of the model
were discussed at length in a series of papers, see Wan and
Guo (1997, 1998). For sake of brevity, only the main features
of the model are recalled herein with focus being on the
physics of the problem and main parameters used in the model
simulation sections of the paper.
The shearing mechanism is described by a family of yield
surfaces which take the same form as Mohr–Coulomb failure
surface. At a given yielding state, the expression of the shear
yield surface is
Fs ¼ τ−pμðe; γpÞ ¼ 0 ð66Þ
in which τ and p have the same meanings as deﬁned in Section
2.1, μðe; γpÞ ¼ sinφm with φm being the mobilized frictionalangle that depends on the current void ratio e and the
accumulated plastic shear strain γp such that
μðe; γpÞ ¼ γ
pf dðeÞ
aþ γp sin φcv; f dðeÞ ¼ ðe=ecrÞ
−βμ ð67Þ
where φcv and ecr are the friction angle and void ratio at critical
state, a and βμ are material constants. The non-associated ﬂow
rule is used to determine the plastic ﬂow direction, with the
plastic potential Gs ¼ τ−pβDðe; γpÞ being constructed based on
the modiﬁed Rowe's dilatancy formulation (Wan and Guo,
1997, 1998) in which the dilitancy factor βDð¼ sinψm ¼
dεpv=dγ
pÞ is made a function of the current void ratio e relative
to the critical void ratio ecr via
βDðe; γpÞ ¼
μðe; γpÞ−ðe=ecrÞαd sin φcv
1−ðe=ecrÞαdμðe; γpÞsin φcv
ð68Þ
with αd being a material parameter. At critical state, the void
ratio reaches its critical value depending on the mean effective
pressure:
ecr ¼ ecr0 exp −ðp=hcrÞncr 
 ð69Þ
where ecr0 is the critical void ratio at a reference conﬁning
pressure of 1 kPa, hcr and ncr are material constants.
The volume change induced by hydrostatic pressure is
computed from a cap yield surface that hardens isotropically
in the stress space due to the irrecoverable volumetric strain
development and an associated ﬂow rule. The evolution of
void ratio (resulting from both elastic and plastic deformations)
with regard to the mean effective pressure is classically
governed by an exponential law:
e ¼ e0 exp½−ðp=hlÞnl  ð70Þ
in which hl is a modulus and nl an exponent.
The elastic shear modulus when taking into account the
inﬂuence of void ratio and stress level is determined using the
empirical relation proposed by Iwasaki et al. (1978) for sand
with rounded particles:
G¼G0pref
ð2:17−eÞ2
1þ e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p=pref
q
ð71Þ
where G0 is a material constant, and the reference pressure
pref ¼ 1 kPa.
The material properties of ﬁne Ottawa sand, as listed in
Table 1, are used for the analysis appearing in the section that
follows.
4.2. Simulation of undrained shear band in plane strain
compression
Fig. 4 presents the undrained stress–strain response of a
loose specimen with the initial void ratio e0¼0.68 consoli-
dated at p0 ¼ 500 kPa. Initially, both the deviatoric stress and
excess pore pressure increase with the axial strain, resulting in
the effective stress path pointing to the left with in the p–τ
plane (Fig. 4a). A two-phase bifurcation condition is ﬁrst
satisﬁed at the peak deviatoric stress point T, at which the
mobilized friction angle φm is smaller than the critical friction
angle of the material (Fig. 4c). Continuous shearing after
Table 1
Material parameters for ﬁne Ottawa sand.
G0=2750 kPa ν ¼ 0:29 ecr0 ¼ 0:74 φcv ¼ 321
hl ¼ 426:8 MPa nl ¼ 0:43 hcr ¼ 112:3 MPa ncr ¼ 0:65
a=0.002 αd ¼ 1:69 βμ ¼ 1:30
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while the pore pressure continues increasing (Fig. 4a and b).
With the increase of shear strain, if the two-phase bifurcation
does not take place, the value of hardening parameter h
decreases gradually and the undrained localization condition
(i.e., the bifurcation condition for soil skeleton deformation) is
satisﬁed at Point US when h¼ hB; as shown in Fig. 4d. Herein
hB is the required hardening parameter when the bifurcation
condition is satisﬁed. Point US is in the deviator stress
softening regime (Fig. 4a and b), while the mobilized friction
angle is still increasing (i.e., h40). The localization condition
is satisﬁed the second time at Point PT, at which the deviator
stress reaches its minimum value and persistent shear band
forms (Guo, 2013); as shown in Fig. 4a and b. Practically,
Point PT is very close to the phase transformation state at the
maximum pore pressure (as deﬁned by Ishihara, 1993).
Detailed discussions about the deformation between Points
US and PT can be found in Guo (2013).
The results presented in Fig. 4 are consistent with the
theoretical ﬁndings presented in Section 3.2, in which
the bifurcation conditions were expressed as functions of the
mobilized friction angle and the dilatancy factor. They are also
generally in agreement with experimental observations byFinno et al. (1997). In a series of plane strain tests on
saturated loose sand, they observed a persistent shear band
occurring during deviatoric stress softening before the max-
imum effective friction angle was mobilized while the pore
pressure was still increasing. The stereophotogrammetry
showed a number of parallel, temporary bands prior to a
persistent band. These observations conﬁrm that the strain
localization point (US) for saturated loose sand under
undrained conditions is located between Point T and PT as
shown in Fig. 4.
Regarding the orientation of the shear band under undrained
conditions, the theoretical band inclination angle θB-US in
Eq. (53) is found to vary with various factors. Figs. 5a and b
show the variation of θB-US with the initial consolidation
pressure p0 for selected void ratios of e0¼0.65 and 0.70. When
e0 ¼0.65, θB-US varies with p0 over a wide range between
θC¼451þ φ=2 and θR¼451 þ ψ=2 correspondingly, the
Coulomb and Roscoe shear band inclination angles, respec-
tively. For loose sand of e0 ¼0.70, θB-US is very close to but
smaller than θC and tends to increase slightly with increasing
initial consolidation pressure. Different from the results of
drained shear banding, the orientation of undrained shear band
can be quite different from the Arthur's shear band angle
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sand or sand under high conﬁning pressures, the undrained
shear band inclination angle is close to θC. This ﬁnding is in
agreement with experimental data reported in Finno et al.
(1997) and Mooney et al. (1997); as shown in Fig. 5c and d.
Fig. 6 illustrates the points at the onset of localization (i.e.,
Point US in Fig. 4) on both the effective stress paths and the
stress–strain curves for specimens having different void ratios
at the initial consolidation pressure of p0¼500 kPa. One
observes that on the effective stress path the onset of
localization (Point US) is in the deviator stress softening
regime but prior to the minimum deviator stress. While the
mobilized friction angle φB-US at the onset of localization
increases when the initial void ratio is increased, the mean
effective pressure at localization, pB, decreases on the contrary
and may even approach zero for very loose specimens. For the
case of loose sand, owing to the increased γB and lower pB,diffuse mode bifurcation that takes place at the peak deviatoric
stress points may dominate. This is consistent with experi-
mental observations as reported by Han and Vardoulakis
(1991), Khoa et al. (2006), Desrues and Georgopoulos
(2006), and Nicot and Darve (2011).
5. Concluding remarks
A hydro-mechanical coupled analysis for the onset of
potential shear band in saturated soils under undrained, biaxial
stress conditions has been presented, in which bifurcation in
both pore pressure and soil skeleton was considered. Both the
two-phase bifurcation (diffuse mode) and soil skeleton defor-
mation bifurcation (localized mode) may occur in saturated
soils, depending on the properties of the material.
For high permeability cohesionless soils, local ﬂux excludes
the possibility of pore pressure jumps across the boundaries of a
P. Guo, D.F.E. Stolle / Soils and Foundations 53 (2013) 525–539538shear band. Under rigorous isochoric constraints, undrained shear
banding can develop in loose, contractive sand with the compat-
ibility conditions for both traction and pore pressure on the
boundaries of the band being satisﬁed. Nevertheless, the strict
isochoric constraint excludes undrained shear band in dense,
dilative sand. Furthermore, two-phase bifurcation may occur in
saturated loose, contractive sand at the maximum deviator stress
with the unstable deformation following this speciﬁc state.
For low permeability saturated clays, the excess pore
pressure does not have a unique solution at the maximum
deviator stress point, which results in non-unique deformation
modes. Shear banding occurs when the deviator stress reaches
its maximum, and the shear band orientation is determined by
the Coulomb's angle.
It is important to recognize that these ﬁndings take into account
the fact that, in real materials, jumps in pore pressure and
displacement ﬁelds between the inside and outside the band are
not as extreme as in the early publications. The non-uniform
displacement gradients and pore pressure inside the shear band also
have advantages in the analysis of shear band development when
rigorous isochoric constraints are not satisﬁed locally.Acknowledgments
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